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We give a fairly complete description of the monopoles and dyons arising from SU(5) unification of
the standard model gauge symmetry, with an emphasis towards a ‘monopoles as particles’ picture
of the elementary fermions.
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I. INTRODUCTION
It is now around a quarter of a century since ’t Hooft
and Polyakov described the magnetic monopole in a mod-
ern eld theoretic setting [1]. Over the intervening pe-
riod these monopoles, and their non-Abelian counter-
parts, have taken a central role within particle physics.
In one guise they appear fundamental to quark conne-
ment, where magnetic condensation connes electric flux
through a dual Meissner eect [2]. In another they are a
necessary implication of any unication of the standard
model within a simple group [3]. They also appear crucial
to a full comprehension of gauge theories, with the orig-
inal non-Abelian electric-magnetic duality of Goddard,
Nuyts and Olive [4] being extended and applied to many
other situations.
In addition to proving instrumental to many basic phe-
nomena, the results that describe monopoles are some of
the most elegant, and in some cases surprising, features
of eld theory. A few examples, by no means all, of such
eects include: the spin from isospin mechanism, lead-
ing to spin half congurations in a bosonic gauge the-
ory [5,6]; the problem of global charge, whereby some
charges may not be properly dened in the presence of a
monopole [7,8]; and the eects of a theta vacuum, which
turns a pure monopole into a dyon [9]. Coupled with
the fundamental results about their non-Abelian duality,
monopoles appear to have a richness of structure quite
unlike anything else in eld theory.
More recently another particle physics application of
monopoles has arisen: this is the dual standard model,
where the elementary particles in the standard model
are interpreted as monopoles [10]. This idea is based on
Vachaspati’s observation that the ve stable monopoles
of Georgi-Glashow SU(5) unication correspond exactly
to matter multiplets in the standard model. Much work
is still required on this proposal, but if realisable the
accompanying picture of unication could be radically
dierent, and possibly much simpler, than many other
approaches.
Whatever application of monopoles one is interested
in, it is crucial to have a thorough understanding of
the behaviour of non-Abelian monopoles. As indicated
above this behaviour is rather complex, although it does
t together in a coherent manner. However we have
found, particularly in regards to examining the dual stan-
dard model, that there does not appear to be a gen-
eral overview that includes all relevant results within
SU(5) ! SU(3)  SU(2)  U(1)=Z6. Our hope is that
this work will address this issue, whilst also providing
some background to the dual standard model.
In many ways this work is based on Dokos and
Tomaras’s original treatise on monopoles and dyons aris-
ing within SU(5) ! SU(3)  U(1)=Z3 grand unica-
tion [11]. Their work formed the basis for much research
into the phenomenological properties of monopoles aris-
ing as semi-classical objects within grand unication.
Since we are interested in a dierent phenomenological
situation, namely representing particles by monopoles,
we have taken a rather dierent slant on the problem; in-
deed our analysis relates to a dierent symmetry breaking
and monopole spectrum. Additionally there have been
several important results that have occurred since their
work was completed; many of which are necessary to get
a complete picture of the dyons.
The composition of this paper is as follows. We start
by considering the monopoles in SU(5) gauge unication.
In sec. (II) we describe their spectrum and similarities to
the elementary particles. In sec. (III) we discuss their
gauge transformation properties: nding representations
compatible with the elementary particles. In sec. (IV)
we discuss their spatial rotation properties: motivating
that such monopoles are scalars. Then SU(5) dyons are
discussed. These correspond to two types: scalar ex-
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citations, discussed in sec. (VI); and gauge excitations,
discussed in sec. (VII). We nd that both the scalar
and gauge excitations may have half-integer spin. Fi-
nally, in sec. (VIII) the eects of a theta vacuum are dis-
cussed, which we nd can stabilise the dyonic excitations
at strong coupling.
Before starting we discuss some notational conven-
tions. Each of the three excellent review articles [12] uses
a slightly dierent convention; here we follow Preskill, in
line with Vachaspati’s work on the dual standard model.
II. SU(5) MONOPOLES
The basic result that underpins this work is the spec-
trum of stable monopoles occurring in SU(5) gauge uni-
cation. The complete spectrum was rst obtained by
Gardner and Harvey [13], who showed that there are
precisely ve stable monopoles. More recently Vachas-
pati has observed that these have magnetic charges in
coincidence with the electric charges in one generation
of elementary particles [10]. In this light we give a brief
review of Georgi-Glashow unication [14] and its accom-
panying monopole spectrum.
To start we discuss the breaking of gauge symmetry
in the Georgi-Glashow SU(5) model. This breaking is
achieved through condensation of an adjoint scalar eld,
so that
SU(5) 24−! HSM = [SU(3)C  SU(2)I U(1)Y]=Z6: (1)
This symmetry breaking may be considered with respect
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with U(1)Y along the diagonal. From now on whenever
dening gauge generators we will take them with respect
to this vacuum. In the breaking (1) a feature to bear in
mind is the discrete Z6 quotient: this represents an inter-
section between the colour-isospin and the hypercharge
parts of (2). Then, since Z6 is included twice in (2) but
only once in SU(5), it must be divided out in (1).
In this paper we are mainly concerned with the proper-
ties of monopoles that arise from this symmetry breaking.
The existence of such monopoles is implied by the non-
trivial topology associated with (1), where each distinct







Within this topology the nite Z6 group of (1) is the main
feature that prescribes the basic pattern of monopoles.
Indeed we shall see that associated with each element of
this nite group is a dierent distinct monopole and that
the individual colour, isospin and hypercharges form a
pattern that mimics this group.
To determine the monopole spectrum one describes
their asymptotic form by an associated magnetic gen-
erator M




Here we have taken a unitary gauge and there is an im-
plicit Dirac string in the gauge potential. To have a well-
dened solution it is necessary that this Dirac string is
a gauge artifact; this constrains the magnetic generator
through a topological quantisation [15]
exp(i2M) = 1: (5)
As such M has integer eigenvalues. Additionally for a
nite energy monopole the long range magnetic eld must
be massless; hence M is a generator of HSM.
To simplify this discussion we now make a gauge choice
that the magnetic eld of the monopole takes the form
B = TCBC + TC′BC′ + TIBI + TYBY; (6)
with generators to be dened below. This then denes
the individual colour, isospin and hypercharge magnetic
charges
M = mCTC +mC′TC′ +mITI +mYTY: (7)
Within this denition one must be quite careful with the
normalisation of the individual generators T . To see a
proper correspondence with the electric sector in the lat-
ter sections of this paper we are forced to consider the
normalisation trT 2 = 1, which is slightly dierent from
































which for convenience we have taken to be diagonal and
consistent with (2).
We are now in a position to solve the quantisation
condition and hence determine the spectrum of stable
monopoles. The calculation of M becomes a determina-
tion of which sets (mC;mC′ ;mI;mY) solve (5); this leads
straightforwardly to the following magnetic charges for
the rst six homotopy classes of 1(HSM) [13]:
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TABLE I. Monopole Charges




























2 (1; 1; 1;-2;-1) 0 -
1







2 (1; 1; 2;-2;-2) 1 0
4
3 u
5 − − − − − − − −
6 0 0 2
p15
2 (2; 2; 2;-3;-3) 0 0 2 e
A few remarks are in order about these monopoles:
(i) To simplify the comparison with the elementary par-
ticles we also express the charges in a basis with simpler
normalisation; having nC =
p 3





15 mY. These normalisations play a central role
in an associated gauge unication [16].
(ii) Gardner and Harvey have shown that only the above
ve monopoles are stable for a wide parameter range [13];
with the 5 and the n  7 monopoles unstable to fragmen-
tation. Further non-topological charge may be added to
the above monopoles, for instance takingm0C = mC+3 or
m0I = mI +2, but by Brandt and Neri’s stability analysis
these are unstable to long range gauge perturbations [17].
(iii) Splitting Z6 into colour and isospin factors Z3  Z2
exhibits the connection between the topology and the
monopole spectrum: giving a 1;−1; 0;    periodicity of
nC and the 12 ; 0;    periodicity of nI.
(iv) In the above we have suppressed themC′ index. For a
monopole with non-zero colour there are in fact a triplet
of (mC′ ;mC) colour charges (0;
p2





In addition each monopole with non-zero isospin is a
member of a doublet mI = p12 . All these values are
completely in line with them forming colour and isospin
gauge multiplets.
Table I is the central result of this section. From
it is made the following key observation, rst noticed
by Vachaspati: The magnetic charges of the five stable
SU(5) monopoles are in complete accordance with the
electric charges of the five quark and lepton multiplets.
To make the correspondence explicit we have labelled
each monopole by a particle multiplet in the lightest gen-
eration. The spectrum is completed by identifying the
anti-particles with anti-monopoles.
This observation is remarkable. It is dicult to believe
that it is just a coincidence; the charges identify exactly
and by some miracle all monopoles not in correspondence
are unstable. This implies a deep connection between
the non-perturbative features of the grand unied theory
and the elementary particle spectrum of the standard
model. As Vachaspati conjectured: This correspondence
suggests that perhaps grand unification should be based on
a magnetic SU(5) symmetry group with only a bosonic
sector and the presently observed fermions are really the
monopoles of that theory.
III. GAUGE FREEDOM
It has long been believed that there is a duality be-
tween the observed electric particles and the postulated
magnetic monopoles. Soon after ’t Hooft and Polyakov’s
modern conception of the magnetic monopole, Goddard,
Nuyts and Olive showed that the magnetic charges of
non-Abelian monopoles appear to be charged with re-
spect to a dual symmetry H_. They interpret this sym-
metry as a magnetic gauge group hidden within the struc-
ture of the gauge theory and appropriate to describing
the interactions between magnetic charges [4].
This observation is of primary importance to the cor-
respondence noticed by Vachaspati. There the magnetic
charges of SU(5) monopoles are the same as the electric
charges of standard model fermions; therefore it is cru-
cial to determine whether their gauge interaction are also
the same. The electric-magnetic duality of GNO suggests
that this is the case. In this light it appears reasonable
that the monopoles in SU(5) unication could actually
be the elementary particles.
Here we give a geometrical argument that the gauge
freedom of the monopoles and elementary particles are
the same. Some of these argument have been presented
elsewhere [18]; although we give an improved version
here, which will be of use in later sections of this paper.
A. Gauge Freedom of the (u, d) Monopole
Our method for showing that the (u; d) monopole and
particle multiplet have the same gauge freedom is to ex-
amine their gauge orbits. These orbits consist of a col-
lection of states that are rigidly gauge equivalent to one
another, so their geometry is characteristic of the gauge
freedom. To demonstrate the particle-monopole corre-
spondence we show that their gauge orbits are the same.
To illustrate the concept of a gauge orbit we rstly con-
sider a (u; d) gauge multiplet, which is a tensor product
of a colour 3 triplet and a weak isospin 2 doublet with a
hypercharge phase. Its gauge orbit is generated by acting
HSM upon a typical value, say qij = i1j1, which gives
O(u;d) = HSM  q = HSM
C(q)
; (9)
where C(q) leaves q invariant
C(q) = SU(2)C U(1)Y−I U(1)I+Y−2C=Z2: (10)
The appropriate embedding of C(q) is indicated by its
colour, isospin and hypercharge subscripts.
Now the task is to describe the (u; d) monopole’s gauge
freedom. Just as with the (u; d) particle multiplet this
freedom is determined by the action of a set of rigid
gauge transformations, which collectively generate the
monopole’s gauge orbit.
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For describing the (u; d) monopole’s gauge orbit it will
be convenient to express the monopole in a gauge free of
the Dirac string. Such a gauge is the radial gauge, where
the asymptotics are simply those of an SU(2) ’t Hooft-
Polyakov Ansatz embedded within SU(5)
(r)  Ad[Ω(r^)]0; B(r)  12g
r^
r2
r^  ~T : (11)
Here Ω(r^) = e−i’T3=2ei#T2=2e−i’T3=2 describes the angu-
lar behaviour, which is specied by a set of su(2) Pauli







For consistency with (4) in the unitary gauge the mag-
netic generator M equals T3.
Because both the scalar and magnetic eld are in the
adjoint representation the action of HSM has a rather
simple form upon (11): simply taking ~T 7! Ad(h) ~T .
This can be interpreted as rigidly moving the monopole
through a set of gauge equivalent embeddings. The col-




where C(~T ) is the subgroup that leaves all three genera-
tors Ti invariant
C(~T ) = SU(2)C U(1)Y−I U(1)I+Y−2C=Z2: (14)
Clearly this is the same as the (u; d) gauge multiplet.
Therefore the gauge multiplet and monopole have a com-
patible gauge freedom.
B. Gauge Freedom of the Other Monopoles
For the (u; d) monopole the analysis of its gauge free-
dom was fairly simple because it is essentially an SU(2)
’t Hooft-Polyakov monopole embedded in SU(5). Un-
fortunately this is not the case for the other monopoles,
which complicates the determination of their gauge free-
dom.
It is interesting to note, however, that each of the other
SU(5) monopoles are uncharged under either colour,
isospin or both. This suggests that each monopole can
be approximated within an eective symmetry break-
ing that includes only those symmetries relevant to its
charges. Within these eective theories it then seems
reasonable to use the approach of the (u; d) monopole.
In some sense we are imagining that there is a subset
of the gauge freedom that is relevant to the long range
magnetic monopole interactions. Although we have not
rigourously justied this approach it does seem reason-
able. Also, crucially, it yields the desired correspondence
between monopoles and gauge multiplets.
1. Gauge Freedom of the u and d¯ Monopoles
Both the u and d multiplets form colour 3 triplets,
with some hypercharge. Analogously to (13) their gauge
orbits are therefore
Ou = Od¯ =
SU(3)C U(1)Y=Z3
SU(2)C U(1)Y−2C=Z2 : (15)
Approximating the u and d monopoles by ones with
the same magnetic charges in the symmetry breaking
SU(4) ! SU(3)C  U(1)Y=Z3 then leads to the gauge
orbits
O2 = O4 = SU(3)C U(1)Y=Z3SU(2)C U(1)Y−2C=Z2 : (16)
Therefore the gauge orbits of the u and d monopoles and
multiplets are the same.
2. Gauge Freedom of the (ν¯, e¯) Monopole
The (; e) multiplet transform as an isospin 2 doublet
with some hypercharge. Therefore its gauge orbit is
O(¯;e¯) = SU(2)I U(1)Y=Z2U(1)Q ; (17)
where U(1)Q lies diagonally between the isospin and hy-
percharge groups. Interestingly, this gauge orbit is equiv-
alent to the electroweak vacuum manifold; essentially be-
cause the associated scalar doublet is in the same repre-
sentation as (; e).
Approximating the (; e) monopole by one with the
same magnetic charges in SU(3) ! SU(2)I  U(1)Y=Z2
then leads to a gauge orbit
O3 = SU(2)I U(1)Y=Z2U(1)Q ; (18)
which is the same as the (; e) multiplet.
3. Gauge Freedom of the e¯ Monopole
As the e particle is only charged under hypercharge it
has the rather trivial gauge orbit
Oe¯ = U(1)Y: (19)
Similarly, the e monopole is approximated by one with
the same magnetic charge in SU(2) ! U(1)Y; giving a
gauge orbit
O6 = U(1)Y: (20)
This is the same as the e particle.
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IV. SPHERICAL SYMMETRY
It is important to understand that all of the monopoles
in Georgi-Glashow SU(5) gauge unication have no in-
trinsic angular momentum. That is they are eectively
spherically symmetric, and spinless.
Within a particles as monopoles picture this appears
somewhat problematic because all elementary particles
have spin. However, this is really saying that just SU(5)
gauge unication is insucient to produce a consistent
dual standard model. Because of this it is desirable
to understand the other properties of SU(5) monopoles;
with these properties hopefully giving some indicatation
of where to proceed. That is the goal of much of this
paper. Firstly, though, we must understand why these
monopoles are spinless.
What does the concept of being spinless mean for a
monopole? The accepted understanding [19] is that they
are spherically symmetric under the action of
~R = ~L+ ~T ; (21)
where ~L = −~r ^ ~r generates spatial rotations and ~T
generates some SU(2)T subgroup of SU(5). This is
saying that a spatial rotation of a spherically symmet-
ric monopole can always be undone through an inter-
nal gauge rotation of SU(2)T . In other words every
spatial rotation S is equivalent to an internal rotation
Ω(S) 2 SU(2)T through
(r) = Ad[Ω(S)] (S−1r); (22)
Bi(r) = Ad[Ω(S)]SijBj(S−1r): (23)
If one wishes S(; ; γ) can be dened through its Euler
angles; in which case Ω(S) is e−iT3=2e−iT2=2e−iγT3=2.
We now examine the spherical symmetry of the indi-
vidual SU(5) monopoles in table I using methods rst
developed by Wilkinson and Goldhaber [19]. Some of
this treatment relates to ref. [20].
A. Spherically Symmetric (u, d) Monopoles
To provide a simple illustration of spherical symmetry
we rstly examine the (u; d) monopole. The task is to
show (22,23) holds.
Fortunately this monopole has already been expressed
in a spherically symmetric gauge: the radial gauge (11)




with Ω(r^) = e−i’T3=2ei#T2=2e−i’T3=2 and ~T dened in
(12). Within such a gauge the action of eiT3 upon (24)
is equivalent to
Ω(r^) 7! e−iT3 Ω(r^) eiT3: (25)
The point being that this takes ’ 7! ’ + , which is a
spatial rotation around the z-axis. The demonstration of
spherical symmetry is then completed by a similar calcu-
lation about any other axis.
B. Spherical Symmetry of the Other Monopoles
Unlike the (u; d) monopole the other SU(5) monopoles
in table I are generally fairly complicated. Fortunately
there are some simple criteria for describing their spher-
ical symmetry, which we now discuss.
Wilkinson and Goldhaber have constructed a gen-
eral set of spherically symmetric monopoles that satisfy
(22,23) for magnetic generators that decompose into [19]
1
2M = I3 − T3: (26)
Here I3 and T3 are elements of two su(2) algebras, whose
generators ~I and ~T are constrained under
[~I;0] = 0; [~I;M ] = 0: (27)
These criteria describe the spherical symmetry of all
SU(5) monopoles, in a necessary and sucient way [21].
Before discussing these monopoles it will be useful to
quickly interpret the meaning of these conditions:
(i) That ~I commutes with 0 species the embedding of
the associated SU(2) group to be contained within the
residual symmetry.
(ii) The second constraint is a little more subtle. We will
see later that it allows the generators ~I to be globally
dened around the monopole.
To see how this spherical symmetry emerges it will
be necessary to construct the asymptotic form of such
monopoles satisfying (26) and (27). The key point is
that there is then a gauge transformation that takes the
unitary gauge conguration (4) to a non-singular radial
form. In that gauge




with (r^) = Ω(r^)!−1(r^), where Ω(r^) is as (24) and !(r^)
is similarly dened in ~I with e−i’I3=2ei#I2=2e−i’I3=2.
Although, by (27), !(r^) acts trivially upon both 0
and M we will see later that it is essential to construct
features relating to the angular momentum. For the time
being we just note that one could replace  by Ω in (28)
if desired.
That (28) is spherically symmetric can be seen through
the relation Ad[Ω(S)Ω(r^)]X = Ad[Ω(Sr^)]X , which holds
providing X commutes with M [19]. This means that a
gauge transformation Ω(S) acts on the asymptotic elds
(28) as
(r) 7! Ad[Ω(S)](r) = Ad[(Sr^)]0; (29)






satisfying the denition (22,23) of spherical symmetry.
It is now a fairly simple task to construct the rel-
evant generators of the spherically symmetric SU(5)
monopoles. Using table I and some trial and error con-
vinces one that the generators I3 and T3 for a monopole
with magnetic generator M are:
TABLE II. Monopole Charges
diag 12M diag I3 diag T3
(u; d) (0; 0; 12 ;-
1
2 ; 0) − (0; 0;- 12 ; 12 ; 0)
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2 ) (-2;-1; 0; 1; 2)
However, there appears to be a problem with the u
monopole: it’s T3 eigenvalues (0;-1;-1; 1; 1) do not cor-
respond to an SU(2) representation, which violates the
condition below (26). Because of this the u monopole is
not spherically symmetric.
What does this imply about the u monopole’s struc-
ture? We note that the solution almost appears to be
spherically symmetric; for instance if the SU(5) group is
enlarged to SU(6) then T3 becomes an SU(2) generator.
We think the most likely implication is a small magnetic
dipole moment on the u monopole. Certainly the loss of
spherical symmetry is qualitatively dierent to the angu-
lar momentum discussed in the latter parts of this paper.
However further study is required to fully elucidate the
u monopole’s form.
C. Spherically Symmetric Monopoles with
Non-Topological Charge
In addition to the above monopoles one can also con-
sider their counterparts with additional non-topological
charge. These are generally expected to be of higher en-
ergy, because they have larger magnetic charges.
Some examples of spherically symmetric monopoles
with extra non-topological colour charge are:
TABLE III. Non-Topological Monopole Charges
diag 12M diag I3 diag T3



























































2 ) (2; 1; 0;-1;-2)
There are infact an innite tower of non-topological mag-
netic charges on each monopole. Many of these will be
spherically symmetric.
V. SU(5) DYONS
The rest of this paper is mainly concerned with SU(5)
dyons, which have an electric charge in addition to their
original magnetic charge. This charge is crucial to their
dynamics, for instance many of these dyons have an in-
trinsic angular momentum. Importantly, in some cases
this angular momentum is half integer, with the dyons
having an associated antisymmetric statistics.
This eect is important for the monopoles as particles
picture because SU(5) monopoles have no intrinsic spin
and thus may not represent the observed fermions. In-
deed Vachaspati has shown that each SU(5) monopole
has a dyonic excitation with half integer angular mo-
mentum [22], which also have interesting duality prop-
erties [23]. In line with this observation of dyon spin,
over the next few sections we perform a thorough anal-
ysis of the dyon spectrum to see precisely which options
are available.
In this paper we are concerned with three dierent
types of dyon, which are as follows:
(i) Scalar excitations of the monopole: this is the subject
of sec. (VI) and is conceptually the simplest case. If one
includes extra scalar elds in theory then their quanta
can bind to a monopole to give a dyon. Many of these
dyons have intrinsic angular momentum.
(ii) Gauge excitations of the monopole: these are the sub-
ject of sec. (VII) and arise from the monopole’s gauge
freedom. Essentially an electric eld is produced by inter-
nal motion of the monopole through its gauge equivalent
states. Again these dyons can have angular momentum.
(iii) Effects from a  vacuum: this is the subject of
sec. (VIII) and is dierent in nature to (i) and (ii). A
theta vacuum changes the denition of the electric eld
from the Noether charges, which eectively induces elec-
tric charge on the monopole.
Before discussing these we rstly provide some back-
ground material over the next few sections.
A. Dyon Configurations
The rst topic we come to is the denition of the elec-
tric and magnetic elds around a dyon. Here we consider
the electric and magnetic elds in the unitary gauge






and discuss how the denition of each of these parts re-
lates to one another. In particular we pay attention to
the normalisations of the magnetic and electric charges;
a subject that must be claried before progressing to the
latter sections of this paper.
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1. Magnetic Charge
As discussed in sec. (II) the magnetic generator is de-
ned topologically through exp(i2M) = 1. From this
the individual magnetic charges are extracted
M = mCTC +mC′TC′ +mITI +mYTY; (32)
with respect to properly normalised colour, isospin and
hypercharge generators (8). That each of these denes a
relevant magnetic charge may be seen by extracting the
individual magnetic elds from the full magnetic eld
B = BCTC + BC′TC′ + BITI + BYTY.
In the following sections of this paper we will be par-
ticularly interested in the colour and isospin magnetic
charges of the monopoles. With the above normalisation
these take the non-zero values




3 ; 0)g; mI = 
p1
2 :
Note that these values are identical to the eigenvalues
of the colour and isospin generators, for example in ta-
ble IV below. This is the principal reason for taking this
normalisation.
2. Electric Charge
To treat electric and magnetic charge on a similar foot-
ing we dene the electric generator of a dyon as
Q = qCTC + qC′TC′ + qITI + qYTY; (33)
with each q an individual electric charge. With the above
normalisation of the generators the electric charges are
dened from the Noether current in the usual way; with
each charge an eigenvalues of the relevant generator.
To be specic we determine the electric charges for a
fundamental 5 scalar eld H . The charges then corre-
spond to the eigenvalues of TC, TC′ , TI and TY:
TABLE IV. Scalar Charges

























































































can be seen in the classical limit, where the current for a
single stationary point charge is jcl0 = Q
3(r).
An important point is that the numerical values of
these electric charges are the same as the magnetic
charges of the monopoles. As stated above this is due
to our choice of normalisation and will be essential to
latter sections of this paper.
B. Global Charge
An important feature of the above dyons (31) is that
generally the electric Q and magnetic M generators are
not independent, contrary to naive expectation. This is
crucial to determining the SU(5) dyon spectrum, since
it eectively dictates those electric charges allowed on a
monopole.
The reason for this dependance between Q and M is
a rather elegant property of gauge theories, where an
electric charge may not be globally dened around a non-
Abelian monopole [7]. As we now explain there is a topo-
logical obstruction to dening such electric charge.
To see this global charge we discuss how the gauge eld
is patched around a monopole [24]. In the unitary gauge
the asymptotic magnetic eld r^M=2gr2 can be dened
by two gauge equivalent potentials,
AN  1− cos 
r sin 
M ϕ^; (34)
with a Dirac string along the negative z-axis, or
AS  −1 + cos 
r sin 
M ϕ^; (35)
with a Dirac string along the positive z-axis. As these po-
tentials dene the same monopole they are gauge equiv-
alent under h(’) = exp(iM’).
The point is that a monopole can be well dened every-
where, with no string, in the unitary gauge providing the
gauge eld is patched around the monopole [24]. Then
asymptotic space is split into two patches, say the north
and south hemispheres, with AN and AS well dened
on their respective patch. The constraint that these two
patches can be joined together by a well-dened gauge
transformation implies that h(2) = 1; yielding the topo-
logical quantisation (5).
What happens if there is an electric charge? Then





But this is only consistent with the patching if on the
southern hemisphere AS0 = Ad[h(’)]A
N
0 , which has a
string singularity along the negative z-axis unless
[Q;M ] = 0: (36)
In other words an electric charge is only allowed on a
magnetic monopole providing the electric generator is an
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element of an ‘allowed’ symmetry group that acts triv-
ially on M ; otherwise the dyon may not have a well de-
ned gauge eld everywhere around it [7,8].
For each of the monopoles these allowed symmetry
groups are:
TABLE V. Allowed Gauge Symmetries
HA
(u; d) U(1)C U(1)I U(1)Y  SU(2)C′=Z12
d U(1)C  SU(2)I U(1)Y  SU(2)C′=Z12
(; e) SU(3)C U(1)I U(1)Y=Z6
u U(1)C  SU(2)I U(1)Y  SU(2)C′=Z12
e SU(3)C  SU(2)I U(1)Y=Z6
In each of these there is a quotient by a nite intersection
whose details are not central here.
Although we are primarily interested in the dyon
spectrum of SU(5) theory we comment that this non-
denition of global charge goes deeper. Even the no-
tion of gauge invariance can fail outside HA, which eec-
tively restricts the charge-monopole gauge interactions to
within this group [8].
C. Angular Momentum
An important property of these electrically and mag-
netically charged dyons is that many appear to have non-
trivial intrinsic angular momenta. In this section we pro-
vide a general understanding of this phenomenom. Other
methods will be used later for evaluating this angular mo-
menta; all of which are consistent with the results below.
One way of understanding a dyon’s intrinsic angu-
lar momentum is from the non-Abelian electric-magnetic
eld. A non-Abelian generalisation of the Poynting vec-
tor gives an angular momentum
J =
∫
d3x tr[r ^ (E ^B)]: (37)
For the dyon (31) this is evaluated to be
J = 12 trQM r^: (38)
The evaluation of this expression is slightly tricky. Cole-
man [12] nds (38) through the following reasoning.
Firstly, it is proportional to trQM . Secondly, by dimen-
sional analysis, it is order zero in r. Finally, rotational
invariance implies it is proportional to r. There is also a
one-half coecient, which can be xed by comparing the
angular momentum to the methods in sec. (VI).
We conclude this section by noting that if J is one-half
then the dyon appears to have spin [5]. That such a dyon
has the correct (fermion) statistics was demonstrated by
Goldhaber in method that generalises to the non-Abelian
case [6].
D. Dyons and Spherical Symmetry
In sec. (IV B) we saw that the spherically symmetric
monopoles can be expressed in a non-singular way with
(r)  Ad[(r^)]0; B(r)  r^
r2
Ad[(r^)]M: (39)
In that case a gauge transformation by Ω(S) simply takes
(r) 7! (Sr); Bi(r) 7! S−1ij Bj(Sr);
so that a spatial rotation is equivalent to a gauge trans-
formation and the monopole is spherically symmetric.
Here we are concerned with the eects of including an





which one expects to be non-singular for those charges
that are allowed on the monopole. From this it is fairly




Therefore for those charges Q that do not commute with
~I the conguration is no longer spherically symmetric.
The reason for this is that the dyon has spin, as we discuss
in sec. (VII).
VI. DYONS FROM SCALAR EXCITATIONS
In this section we discuss the scalar excitations of a
monopole from a 5 scalar eld H [25]. Such dyons
can be thought of as a scalar quantum in the classi-
cal background of a magnetic monopole. Many of these
dyons have intrinsic angular momentum, with some half-
integer.
Within the context of an SU(5) unication theory this
scalar eld structure is generally required for electroweak
symmetry breaking. However in addition to describing
this it also allows the SU(5) monopoles to admit spin half
excitations, as shown by Vachaspati [22]. This indicates
the potential of SU(5) monopoles for a soliton-matter
duality.
To start we discuss some general features of a charged
scalar particle in the background of a spherically sym-
metric monopole. The particle’s motion is dictated by
its interaction with the monopole’s gauge eld, which
can be described through the Hamiltonian
H = (1=2m)D2 + V (r); D = i∇+ A(r): (42)
Here we have also included a spherically symmetric bind-
ing potential, whose origin we do not specify at this stage.
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As the Hamiltonian is spherically symmetric, there is a
conserved angular momentum
J = r ^D + 12Ad[(r^)]M: (43)
Then for a spherically symmetric state, the angular mo-
menta is determined by the charge eigenstates of H
J3Hi = 12MHi = j3Hi: (44)
By (5) these eigenvalues are either integer or half integer:
giving integer or half-integer angular momentum to the
dyon.
From (44) it is easy to determine the spin-half SU(5)
dyons: one extract the relevant magnetic charges from
table II and looks for those charges that have half-integer
eigenvalues of 12M . These are:
TABLE VI. Spin-half Dyonic Scalar Excitations
dyon diag M diag Q j3
(u; d)L
(u; d)R

















































































Here we have taken a convention that the j3 =  12 states
are left/right-handed. Note that all of these values are
consistent with the angular momentum (38).
At present the left/right notation is merely suggestive
of a underlying chiral structure for the spin-half dyons.
Although certainly the left and right states have dierent
electric representations, and are thus not transformable
into one another by a spatial rotation.
Table VI does not constitute the complete spectrum
of dyons. In addition there can also be quanta of H
bound to anti-monopoles, or anti-particles of H bound
to monopoles/anti-monopoles. To simplify their classi-
cation we note that this reflects an underlying parity and
charge-parity symmetry,
P : (Q;M) 7! (Q;−M); P : j3 7! −j3; (45)
CP : (Q;M) 7! (−Q;M); CP : j3 7! −j3: (46)
Parity takes a monopole to its anti-monopole, whilst
charge-parity takes a charge to its anti-charge; both re-
verse spin.
This means that the (u; d), d and (; e) dyons have
eight spin-half dyons, depicted in gs (1) and (2) below.
This is analogous to the structure of SU(2) dyons dis-




L HI R HI
R HC L HC




R HC L HC
L HI R HI
FIG. 2. H¯ Bound to Monopole/Anti-Monopole
Likewise the u has only four spin-half states; consisting
of only colour excitations.
The above seems problematic for obtaining a spin half e
dyon. This is because the formalism only describes single
quanta of H in the monopole background. Fortunately,
there are a couple of ways of avoiding this diculty:
(i) The gauge eld angular momentum (38) indicates that
two quanta of H on an e monopole can be spin-half. The
properties of this state will be dicult to calculate semi-
classically because of the non-trivial dynamics between
the two internal quanta; indeed such a state is liable to
be very energetic.
(ii) An e monopole with extra non-topological colour
charge is spherically symmetric and has spin half scalar
excitations
TABLE VII. e¯∗ Dyon
dyon diag M diag Q












VII. DYONS FROM GAUGE EXCITATIONS
In this section we discuss the electric gauge excitations
of SU(5) monopoles. These gauge excitations have simi-
lar consequences to the scalar excitations, although their
origin is from the dynamics of the gauge eld. Crucially,
such excitations can also have intrinsic spin.
It is important to realise that within the particles as
monopoles picture both the gauge and scalar excitations
are equally important. Both are generic and both may
provide spin; therefore all of their consequences should
be fully appreciated.
The plan of this section is to rstly illustrate how a
classical electric eld can arise around a monopole. We
then perform a semi-classical quantisation of these dyons,
similar in spirit to the analysis in sec. (VI). Finally we
discuss their spin.
A. Classical Dyon Charge
To give a simple illustration of these gauge excitations
we consider the situation from a classical perspective.
The following is essentially a non-Abelian generalisation
of the Julia-Zee dyon [26].
The task is to nd a long range component A0 that
solves the eld equations in the background of the
monopole. Taking a unitary gauge and assuming the
electric eld to be purely radial allows the eld equations
to be written, asymptotically,
DiDiA0 − [0; [0; A0]] = 0; (47)
where Di is the covariant derivative in the background of
a monopole and, to be specic, the spatial components
of the gauge potential are as in (34). This implies that
the leading order contribution to A0 satises
[A0;0] = [A0;M ] = 0;
for which (47) becomes a Laplace equation. Therefore
the unitary gauge classical dyon conguration is
(r)  0; A(r^)  1− cos 
r sin 
Mϕ; A0(r)  −Q4r ; (48)
with [Q;0] = [Q;M ] = 0, in agreement with the con-
straint (36) on global charge.
Because this analysis was classical the electric charge
Q can take a continuum of values. Clearly this is not
consistent quantum mechanically; for instance it violates
Dirac’s condition and also the angular momentum (38)
is not integer or half-integer. Consistent values are ob-
tained only upon proper quantum mechanical treatment
of the charge.
Although we discuss the quantum mechanics of the
above dyons in the next section, for background we rstly
discuss an alternative interpretation of the above charge.
This is seen upon time dependant gauge transformation
(r; t) = Ad[U(r; t)](r); (49)
A(r; t) = Ad[U(r; t)]A(r); (50)





Hence the dyon can be thought of as a monopole rotating
in internal space under the action of U(r; t), i.e. around a
moduli space of gauge equivalent solutions. This motion
is quantised to discretise charge.
However when quantising such internal motion only
the non-trivial actions of U are relevant. For each SU(5)
monopole the subgroup of HA that acts non-trivially is:
TABLE VIII. Allowed and Effective Gauge Symmetries
HeffA
(u; d) U(1)M
d U(1)C  SU(2)I U(1)Y=Z6
(; e) SU(3)C U(1)I U(1)Y=Z6
u U(1)C  SU(2)I U(1)Y  SU(2)C′=Z12
e SU(3)C  SU(2)I U(1)Y=Z6
B. Quantisation of the Gauge Excitations
To quantise the charge values (48) we use the method
of collective coordinates. This describes the quantum
state by a wavefunction over the monopole’s internal
degrees of freedom. The quantised excitations of the
monopole are then described by charge eigenstates, which
relate to irreducible representations of the wavefunction.
Much of this section follows the work of Dixon [27],
although we also refer to Guadagnini’s quantisation of
skyrmions [28].
The quantisation of the monopole’s internal degrees of
freedom can be considered over the symmetry groupHeffA ,
which generates the motion. Then the quantum excita-












ij(U); U 2 HeffA ;
(52)
whereDrij are the matrix elements in the r-representation
ofHeffA . Each of the terms in (52) corresponds to a partic-
ular gauge excitation. The charge of these excitations is
then determined by the action of the gauge group, namely
Q 7! Ad[h]Q ) U 7! hU: (53)
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The charges therefore fall into representations of theHeffA .
The specic charges of the gauge excitations are con-
structed from the relevant charge operators. These are
analogues of the momentum operator p^ = −i@x, acting
instead on the internal motion
O^ (U) =  (U + U)−  (U) =  (U); (54)
where U is an innitesimal transformation of the sym-
metry associated with the conserved charge. This gives
the charge operators
Q^T  (U) =  (TU) = qT (U): (55)
Its eigenfunctions are specied by crij and U .
Then the individual charge eigenstates correspond to
the representations of HeffA in (VIII), which are




with r an integer. From the rst few terms of  (U) in
(52) we then determine the charges associated with each
excitation, which are the eigenvalues
dr(TC)U = qC U; dr(TI)U = qI U; (57)
for suitable eigenfunctions. This gives the spectrum
TABLE IX. Dyonic Gauge Excitations


















15 (0; 1; 1;-1;-1)



























15 (1; 2; 2;-3;-2) (; e); u; e
h6Y 0 0 2
p 2
15 (2; 2; 2;-3;-3) (; e); u; e
There are charges other than those in table IX. However
these are more energetic and highly charged and are not
central the following discussion.
Many of these charges have non-zero spin in the pres-
ence of a monopole. Whether the dyon has spin or not
can be simply seen by examining the rotational proper-
ties of the gauge excitation. For instance under a spatial
rotation
Q 7! Ad[!(S)−1]Q ) U 7! U!(S)−1: (58)
Therefore a gauge excitation has no spin if
[~I;Q] = 0: (59)
Otherwise the collective gauge excitation has spin.
It is interesting that all electric generators are consis-
tent with exp(i 2Q) = 1, and therefore take the same
values as the magnetic generators of the monopoles. This
is because both the monopoles and gauge excitations oc-
cur in specic representations of HSM.
C. Spin of the Gauge Excitations
By (58) many of the gauge excitations are in non-trivial
representations of the spatial rotation group and hence
have angular momentum. In fact all of the monopoles
with non-trivial ~I, namely (; e), u and e, admit gauge
excitations with spin.
Dixon has veried that the monopoles with half in-
teger 12 trQM have the relevant antisymmetric statis-
tics [27]. However when evaluating the angular momen-
tum through
J3 = 12 trQM; (60)
it invariably results in nonsensical values; for instance the
e excitation in table X appears to have J3 = 11=2. The
reason for this is that the gauge excitations have a non-
trivial spin structure, so that (60) may not be trivially
applied.
However the simple intuitive picture of an electric
quantum in the background of a monopole is very ap-
pealing; indeed in some sense it represents the situation
that actually occurs. Therefore we would like to have an
analogous picture of the gauge excitations.
To construct this picture we note that the gauge exci-
tations can be split into two components
Q = Q0 +Qs; [~I;Q0] = 0; (61)
where Q0 contributes no angular momentum, and Qs
contributes all of the spin. Then the generators Qs de-
scribes a single gauge boson if it takes the form diag(1;-1)
embedded along the diagonal; for instance a colour gauge
quantum and a colour-isospin gauge quantum are
diag(-1; 0; 1; 0; 0); diag(-1; 0; 0; 1; 0):
Since we know the dyon (Q0;M) has no angular momen-
tum we can evaluate the angular momentum as originat-
ing purely from Qs, giving the values
j3 = 12 trQsM;
1
2 trQsM  1; (62)
where we also include the spin of the gauge boson. We
note that if the gauge boson is massless then there are
only two polarisations 1.
With this construction we obtain the specic spin val-
ues of the gauge excitations. For example those excita-
tions with electric colour are
TABLE X. Spin-half Dyonic Gauge Excitations
dyon diag M diag Q diag j3
(; e) (1; 1; 1;-2;-1) (0; 1; 1;-1;-1) - 32 ; -
3
2  1
u (1; 1; 2;-2;-2) (0; 1; 1;-1;-1) 12  1
e (1; 1; 4;-3;-3) (0; 1; 1;-1;-1) 32  1
The opposite spin states are obtained with (−Q;M).
11
Within this table the decompositions into spinless and
spinning charges are, respectively,
(0; 1; 1; -1; -1) = (1; 1; 1; -2; -1) + (-1; 0; 0; 1; 0);
(0; 1; 1; -1; -1) = (1; 1; 0; -1; -1) + (-1; 0; 1; 0; 0);
(0; 1; 1; -1; -1) = (1; 1; 0; -1; -1) + (-1; 0; 1; 0; 0):
For the (; e) dyon the spinning part of the charge is
a massive lepto-quark gauge boson. For the others the
spinning part is a massless colour gauge boson.
However the angular momentum can also be deter-
mined from the rotational properties of the collective co-
ordinates. Analogously to (55) the transformation (58)
implies that the angular momentum operator acts upon
the gauge excitations as
J^3  (U) =  (U(−I3)) = j3 (U): (63)
But the eigenvalues of this do not seem to be consistent
with the angular momentum in table X. For instance all
such gauge excitations have spin  12 .
An interpretation of this is that the collective coordi-
nate excitations can dier from the excitations in table X,
which consist partly of a collective coordinate excitation
and partly of a gauge boson quantum. We comment that
more research appears to be required to fully elucidate
the properties of gauge excitations.
VIII. IMPLICATIONS OF A THETA VACUUM





upon the SU(5) monopoles and dyons. Although (64) is a
total divergence, and hence just a boundary term in the
action, it does have a physical eect: inducing electric
charge on any monopole through the asymptotic gauge
potential [9]. This eect violates parity and charge-parity
maximally, as we see in the dyon spectrum below.
One expects that, from a monopoles as particles view-
point, this theta vacuum should be essential because of
the parity violation in the standard model. Indeed, with-
out including parity violation in a very unnatural man-
ner, it is dicult to conceive of another method for in-
corporating parity violation within the SU(5) dyon spec-
trum.
That a theta vacuum induces electric charge can be
seen through the interaction of a monopole with a gauge
eld (;a). Substituting the electric and magnetic elds





into (64) gives upon integration by parts
L =
∫
d3r L = − g2
∫
d3r 3(r) trM: (65)
But this is precisely the interaction between the gauge
potential and an electric charge Q = − 2M . Therefore
a theta vacuum induces electric charge.
For a dyon (Qd;M) in a theta vacuum this results in











Parity and charge-parity violation is explicit, with the
resulting dyon and anti-dyon (−M=2;M) violating
both (45) and (46).
How does this electric charge interact? For M xed
Q has no non-Abelian gauge freedom, suggesting the
induced electric charge is Abelian. Although this ap-
pears problematic because Q is a non-Abelian genera-
tor, its Abelian nature can be veried [7]. For instance
charge-monopole interactions are described by the global
symmetries HA, which by denition always contains an
Abelian part generated by M .
Another eect of the theta vacuum is a  variation in
the energy spectrum of the dyons. This occurs through












tr (Qd − 2M)
2; Em  4
g2Rc
trM2: (68)
In addition to (68) there is a contribution from the




d3r jD j2 4Rcv2: (69)
The core radius and total energy are given by an equilib-
rium between the scalar and gauge energies.
For these energies there are two regimes of interest:
(a) weak coupling g2=4  1: then the magnetic energy
Em is the dominant gauge energy contribution. In that
case the core radius is Rc  (gv)−1, which is the inverse
of a typical SU(5) gauge boson mass. Then the variation
of energy with  is of little interest.
(b) strong coupling g2=4  1: then the electric energy
Ee is the dominant energy contribution. It is also much
greater than the other mass scales in the problem, for
instance scalar quanta v or gauge quanta gv. Then the
total energy is proportional to
E / tr (Qd − 2M)
2: (70)



























































FIG. 5. (ν¯, e¯) Monopole and Dyon Spectrum
Although much of this paper is relevant to weak cou-
pling, many of the conclusions should also apply to strong
coupling. For instance both the dyon spectrum and angu-
lar momenta depend upon the features of the asymptotic
gauge elds, which is fairly independent of the coupling
regime.
To illustrate the eects of the theta vacuum at strong
coupling we depict the variation of the monopole and
dyon energies at various values of  in gs. (3) to (5). We
note that quantum correction may aect these results;
however the point is that the variation of energy with
theta is dramatic. Crucially, in all of these gures the
monopole is no longer the lowest energy state for values
of  near .
Some eects of interest include:
(i) Each gure is symmetric about  = . This is be-
cause each excitation (Qd;M) has another excitation
(M−Qd;M) with a reflected energy spectrum. At  = 2
this mirrored excitation becomes the charge-parity con-
jugate of the original dyon.
(ii) In each gure the monopole line represents the en-
ergy of the monopole state (0;M) and its mirror (M;M),
which becomes the original monopole at  = 2. The
dashed lines represent specic dyonic excitations from
tables (VI) to (X).
(iii) As the monopoles are increasing in magnetic charge
their dyon spectra are becoming steadily more compli-
cated. For this reason we have only examined the dyon
spectra of the rst three monopoles.
(iv) All of these dyon energies violate charge-parity max-
imally. For each (Qd;M) dyon depicted there is another
higher energy state (−Qd;M) that does not bind to the
monopole. Importantly these two states have equal and
opposite spin.
(v) It is noteworthy that at  =  the dyon spectrum
appears to be both parity and charge-parity symmetric.
We conclude this section with a simple interpretation
of the energies in gs. (3) to (5). Consider the electric
energy as sum of three separate contributions: an en-
ergy from the induced electric charge; an energy from
the dyonic excitation; and the Coulomb interaction en-
ergy between the induced charge and excitation. Then
for large enough , this Coulomb binding energy can sta-
bilise the dyonic excitations. The resulting spectrum of
such stable dyons violates parity maximally, with the in-




In this paper we have aimed to present a coherent pic-
ture of the monopoles and dyons in SU(5) gauge unica-
tion. Their behaviour is fairly intricate, although it does
t together in a consistent manner.
The main behaviour of these monopoles is as follows:
(i) Generally the basic monopoles are all scalars; relating
to the existence of spherically symmetric eld congura-
tions. These monopoles have a fairly intricate pattern of
magnetic charges, with the stable monopoles indicated in
table I.
(ii) The properties of SU(5) solitons becomes more inter-
esting when considering their electric excitations. These
are interpreted as a quanta of either a scalar eld or the
gauge eld in the background of the monopole. The re-
sultant dyons have various spins, with global symmetry
playing an important role. Some of their properties are
described in tables VI to X.
(iii) Finally a theta vacuum induces electric charge on the
monopoles. This charge eects the energies of the dyons,
as depicted in gs. (3) to (5). At strong coupling the
induced charge causes many dyons to be less energetic
than the monopoles.
In the companion paper [29] we apply this behaviour
to an interpretation of SU(5) dyons as the observed ele-
mentary particles.
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